The idea of process monitoring emerged so as to preserve and improve the quality of a manufacturing process. In this regard, control charts are widely accepted tools in the manufacturing sector for monitoring the quality of a process. However, a specific distributional assumption for any process is restrictive and often criticised. Distribution-free control charts are efficient alternatives when information on the process distribution is partially or completely unavailable. In this article, we propose a distribution-free generally weighted moving average (GWMA) control chart based on the Wilcoxon signed-rank (SR) statistic. Extensive simulation is done to study the performance of the proposed chart. The performance of the proposed chart is then compared to a number of existing control charts including the parametric GWMA chart for subgroup averages, a recently proposed GWMA chart based on the sign statistic and an exponentially weighted moving average (EWMA) chart based on the signed-rank statistic. The simulation results reveal that the proposed chart performs just as well and in many cases better than the existing charts, and therefore can serve as a useful alternative in practice.
Introduction
Control charts are known to be efficient tools for monitoring quality of products. In the present era of highly sophisticated technology, it is of increasing importance to design control charts that are efficient in detecting small shifts in the characteristics of interest in a production process. While the Shewhart-type charts are the best known and most widely used in practice due to their inherent simplicity and global performance, other classes of charts, such as the exponentially weighted moving average (EWMA) and the generally weighted moving average (GWMA) charts are useful and sometimes more naturally appropriate.
The traditional EWMA chart for the mean was introduced by Roberts 1 and includes the Shewhart-type chart as a special case. The literature on EWMA charts is vast and still continues to grow at a considerable pace. The reader is referred to the overview on EWMA charts by Ruggeri et al. 2 and the references therein. A generalization of the EWMA chart, referred to as the Generally Weighted Moving Average (GWMA) chart, was proposed by Sheu and Lin 3 and they showed that it does perform better in detecting small shifts in the process mean.
In typical applications of the GWMA chart, it is usually assumed that the underlying process distribution is normal. If normality is in doubt or cannot be justified, a distribution-free control chart is more desirable. For an overview on distribution-free control charts and their advantages, the reader is referred to Chakraborti et al. 4 .
the Asymptotic Relative Efficiency (ARE) of the SR test relative to the Student t-test is at least 0.864 for any symmetric continuous distribution (see Gibbons and Chakraborti 10 , page 508).
In this article, we propose a GWMA chart based on the Wilcoxon signed-rank statistic (hereafter referred to as the GWMA-SR chart) to monitor the known value of the median of a process with a continuous distribution; the objective is to gain better sensitivity for small sustained upward or downward step shifts. The median is taken as the location parameter of interest as it is more robust and therefore a better choice than the mean for measuring the central value. Moreover, the Wilcoxon signed-rank test considers the median as the location parameter of interest.
The rest of this article is organised as follows: The GWMA-SR chart is defined in Section 2. In Section 3, the design and implementation of the proposed control chart is provided. A detailed empirical study comparing the performance of the GWMA-SR chart with a number of existing control charts is provided in Section 4. An illustrative example is given in Section 5. Finally, a concluding summary and some recommendations are presented in Section 6.
GWMA signed-rank (GWMA-SR) control chart
Let be the quality characteristic of interest and assume its underlying distribution to be continuous and symmetric around . We take to be the median as it is a more robust measure and a better representative of the central value of a distribution than the mean. Let denote the known value of .
Suppose , where and , denotes the observation in the random sample (or rational subgroup) of size > 1. Let denote the ranks of the absolute differences | |, for within the subgroup. Define the statistic
where ( ) if > 0 or < 0, respectively. Therefore, it is easily verified that is the difference between the sum of the ranks of the | |'s corresponding to positive and negative differences, respectively, within the subgroup. Also, can be re-written as ; this relationship between the statistics will be used later to show that the proposed GWMA control chart is non-parametric or distribution-free. Note that, as the random sample is assumed to be drawn from a continuous distribution, the probability of tied observations, i.e. , -, is theoretically zero and therefore ignored.
Let be the discrete random variable denoting the number of samples until the next occurrence of an event since its last occurrence. Then, by summing over all possible time periods, we can write
A generally weighted moving average (GWMA) is a weighted moving average (WMA) of a sequence of statistics with the probability , -being regarded as the weight of the most recent statistic
. In other words, the probability , -is the weight of the latest or most recent observation and the probability , -is the weight of the most out-dated or oldest observation . The probability , -is taken to be the weight of the starting value, denoted by , which is typically taken as the incontrol (IC) expected value of the statistic under consideration, i.e. ( ) . Therefore, the charting statistic for the GWMA-SR chart can be defined as
where ( ) is the starting value of the chart. As in Sheu and Lin 3 , the distribution of is taken to be , - ( ) , where and are two parameters; this is the discrete two-parameter Weibull distribution (Nakagawa and Osaki
11
). By substituting and the probability mass function (p.m.f.) of the two-parameter Weibull distribution in equation (3), the charting statistic for the GWMA-SR chart simplifies to
Note that the GWMA-SR chart reduces to the EWMA-SR chart when and , where is the smoothing parameter of the EWMA chart. The EWMA-SR chart further reduces to the Shewhart-SR chart when and . The GWMA chart can therefore be viewed as a generalisation of both EWMA and Shewhart-type charts with an additional parameter that provides more flexibility in designing the chart.
The in-control (IC) expected value and variance of the charting statistic are given by
and
respectively, where ∑ ( ( ) known Wilcoxon signed-rank test statistic coupled with the properties of the EWMA charting statistic (see Montgomery 12 , page 419).
The exact time-varying (and symmetrically placed) upper control limit ( ), lower control limit (L ) and centerline ( ) of the GWMA-SR chart are given by
where 0 is the distance of the control limits from the centerline.
The asymptotic variance of the charting statistic is given by (
where , which is an increasing function of and converges as (see the Appendix for more detail).
The steady-state control limits are used when the process has been running for several time periods and are based on the asymptotic variance of the charting statistic (see Lucas and Saccucci 13 ). The steady-state control limits and the centerline are given by
where the subscript " " denotes the steady-state values.
The following points are worth noting:
i. The distribution of the statistic is discrete, symmetric about zero and its extreme values, i.e. the minimum and maximum, are , respectively; these extremes occur when all the observations within a subgroup are less than or greater than , respectively;
ii. We study two-sided GWMA-SR charts with symmetrically placed control limits, i.e. equidistant from the centerline. The methodology can be easily modified wherein a one-sided chart is more meaningful or when two-sided control charts with asymmetric control limits are necessary;
iii. Steady-state control limits are used in order to simplify the application/implementation of the chart. For the sake of notational simplicity, we will use and hereafter to denote the steady-state control limits;
iv. If any charting statistic plots on or outside either of the control limits given by equation (8), a signal is given and the process is declared to be out-of-control (OOC). Otherwise, the process is considered to be incontrol (IC), which implies that no location shift has occurred, and the charting procedure continues on.
In the next section, we discuss the design of the proposed GWMA-SR chart in more detail.
The design and implementation of GWMA-SR chart
Performance measures are needed to design and compare the performance of control charts. The traditional approach of evaluating a control chart is to obtain the run-length distribution and its associated characteristics. The run-length is a discrete random variable that represents the number of samples which must be collected (or, equivalently, the number of charting statistics that must be plotted) in order for the chart to detect a shift or give a signal. An intuitively appealing and popular measure of a chart's performance is the average run-length ( ), which is the expected number of charting statistics that must be plotted in order for the chart to signal (see Human and Graham 14 ). Clearly, for an efficient control chart, one would like to have the in-control (denoted ) to be "large" and the out-of-control (denoted ) to be "small".
Although other measures such as the standard deviation of the run-length ( ) and various upper and lower percentiles could be and have been used to supplement the evaluation of control charts, the is the most widely used measure due to its intuitive appealing interpretation. Therefore, we use here the to design and compare the performance of the proposed GWMA-SR chart to other charts.
The design of a control chart typically involves solving for the combination of the chart's parameters, i.e.
, and , so as to obtain a pre-specified in-control average run-length denoted by . The computational aspects of the run-length distribution for the GWMA-SR chart are discussed next, followed by the design of the GWMA-SR control chart.
The run-length distribution of the GWMA-SR chart
Suppose the run-length random variable is denoted by and that denotes the signalling event at the sample. The complimentary event is the non-signalling event and is the event that there is no signal at the sample, i.e. 
The benefit of re-writing the non-signalling event is as follows: Instead of working with the joint distribution of a sequence of dependent charting statistics, i.e. the 's (which is compared to the steady-state control limits in equation (8)), one works with the joint distribution of a sequence of independent sample statistics (which is compared to the varying limits in (9)). The run-length distribution can therefore be written as
where , -, * +-for ; see the Appendix for more detail.
As the samples are assumed to be independent, the 's are independent and an expression for can be obtained using the relationship 
The following comments regarding equations (11) and (12) are essential:
i.
Because the in-control distribution of does not depend on the underlying process distribution (see Gibbons and Chakraborti 10 ), the run-length probabilities and the , which are both functions of , are the same for all continuous symmetric distributions. This makes the proposed GWMA-SR chart a distribution-free control chart;
ii.
To analytically evaluate equations (11) and (12) is time-consuming and uneconomical for a number of reasons:
a. The lower and upper bounds in the summations of , i.e. and given in equation (9), are dependent and functions of the sequence of preceding statistics , ,…, ; these bounds cannot be economically recursively updated and is therefore a computationally expensive approach;
b. The number of terms in equation (11) that needs to be evaluated increases dramatically as increases;
c. The out-of-control distribution of the statistic is not known.
Due to these difficulties, extensive simulation is used to calculate the values for the proposed GWMA-SR chart. To this end, it is important to note that, Sheu and Lin 3 , Sheu and Yang 15 and Lu 8 have also mentioned that the run-length distribution of the GWMA charts cannot be obtained by either the Markov chain approach or by the recursive integral equation approach.
Design of the GWMA-SR chart
For a given or chosen sample size , the two parameters and are varied over a certain range and for each ( ) combination, the values of the charting constant, i.e. 0, are obtained so that the attained incontrol is close to (in this case slightly above or below due to the use of simulation) the nominal or specified value . We consider four sample sizes, i.e. . In our simulation study, we considered the range 0.5 (0.1) 0.9 and the range 0.1 (0.1) 1.5, which is slightly larger than those used in previous studies.
Using simulation together with a grid search algorithm, we obtained the charting constant 0 for the chosen ( ) combination and specified sample size , so that the attained is approximately equal to
; the values of thus determined are presented in Table 1 along with the attained values in parenthesis. The values in Table 1 will be useful for the design and implementation of the GWMA-SR chart.
To ensure our simulation yields reasonable and consistent results, we compared our results to those obtained by Graham et al. 6 ; this was possible for two reasons: (a) the GWMA-SR chart reduces to EWMA-SR chart when and , and (b) the EWMA-SR chart by Graham et al. 6 uses steady-state control limits. Consider, for example, the following two scenarios:
i. When = 5, = 0.8 and = 1, we find from Table 1 Figure 1 . Note that the line graphs in each of the panels display the attained on the vertical axis versus the value of on the horizontal axis for a certain combination of ( ). The attained values are shown in the data tables below the graphs for ease of reference.
From Figure 1 , we observe the following:
i. For 2.0 and 2.50 in panels (c) and (d), the attained is a monotonically increasing function of ;
ii. For 2.79 and 3.0 in panels (a) and (b), the attained is a decreasing function of when and thereafter increases. This implies that, in general, multiple combinations of the parameters ( ) will yield the same . This is somewhat problematic because, apart from desiring a sufficiently large , the should be small for an effective GWMA-SR chart.
Therefore, the ( ) combination with the minimum for a specified shift is said to be the optimal combination. The optimal design of the GWMA-SR chart consists of specifying the desired and values and the magnitude of the process shift that is anticipated and then select the ) combination that provides the desired performance. A detailed study on the optimal design for the GWMA-SR chart is out-of-scope for this paper and will be discussed in a future work;
iii.
Comparing the line graphs in panels (a) and (b) with those in panels (c) and (d), it is easily observed that the attained is larger if is larger; this is naturally expected since the control limits are wider for larger which leads to a smaller probability of a signal. Next, we study the performance of the GWMA-SR chart and compare it with some existing control charting procedures.
Performance study
The GWMA charts are generally more sensitive than the EWMA charts in detecting small shifts (see the results in Sheu and Lin 3 , Lu 8 and Sheu and Yang 15 ). In addition, Graham et al. 6 showed that in many cases the EWMA-SR chart outperforms the EWMA-SN chart (Graham et al.
7
) and the Shewhart-SR chart with run rules (Chakraborti and Eryilmaz 18 ). Lu 8 further showed that the GWMA-SN chart is more sensitive than the parametric GWMA-chart for normal and many non-normal distributions. Given the available results, it is of interest to compare the proposed GWMA-SR chart with the GWMA-̅ chart, the GWMA-SN chart and the EWMA-SR chart.
To study the performance of the GWMA-SR chart, we use some of the combinations of the parameters used in Table 1 ; these combinations ensure that the is close to 370. Because the underlying distribution is assumed to be symmetric, only the positive shifts (i.e. increases in the mean/median) are considered with magnitude = 0.05, 0.10, 0.25, 0.50, 0.75, 1.0 and 1.5; the results are equally applicable for negative or downward shifts. Also, as Shewhart-type charts are traditionally known to be efficient in detecting large shifts, we do not consider shifts more than 1.5; the purpose and focus of this article is only on detecting small shifts.
The results of the comparison in performance of all the charts are displayed in Tables 2-4 . We first compared the GWMA-SR chart with the EWMA-SR chart (which is regarded as the main competitor) and thereafter against the GWMA-SN and GWMA-charts. A summary of the findings is as follows:
i. Table 2 shows the out-of-control (OOC) average run-length ( ) values of the GWMA-SR and the EWMA-SR charts when = 5 and 10 assuming that the underlying process can be modelled by the standard normal distribution. Both charts were designed so that their 's are close to 370.
GWMA-SR vs. EWMA-SR chart under normal distribution
The results show that for small shifts, i.e. when and , the GWMA-SR chart performs better than the EWMA-SR chart (Graham et al. 6 ) for a suitable combination of the parameters ( ). For example, given a shift of 0.05 and sample size , the GWMA-SR chart with parameters ( 0.9, 0.8, 2.698) gives an 140.28 while the EWMA-SR chart with parameters ( 0.9, 2.683) gives an 151.79. The GWMA-SR chart will therefore, on average, signal 11 samples sooner than the EWMA-SR chart. However, for larger shifts, the two charts perform similarly. For example, focussing on the results in Table 2 ii. Table 3 shows the values of the GWMA-SR and the EWMA-SR charts when = 10 under four non-normal symmetric (around zero) distributions. The distributions we considered have heavier or lighter tails than the normal distribution. We used the scaled Student's √ ( ) distribution with degrees of freedom 10, the logistic. √ / distribution, the uniform( √ √ ) distribution and the Laplace. √ / distribution. The parameters of these distributions were chosen so that the variance is 1 which makes the results comparable amongst different distributions. Note that the for the standard normal distribution (for = 10) is included in the table for ease of comparison.
GWMA-SR vs. EWMA-SR charts under various non-normal distributions
The results in Table 3 show that for small shifts, i.e. when and , the GWMA-SR chart performs better than the EWMA-SR chart (Graham et al. 6 ) for all the distributions considered.
For example, for the logistic. √ / distribution, the for the GWMA-SR chart is 52.78 while the for the for EWMA-SR chart is 58.78 when the shift is . These results confirm that the GWMA-SR chart outperforms the EWMA-SR chart for small shifts. iii.
GWMA-SR vs. GWMA-SN and GWMA-̅ under various distributions
To compare the GWMA-SR chart with the GWMA-SN and GWMA-̅ charts, we used the same symmetric distributions (with the same parameters) as in the preceding section; this includes the standard normal distribution too. The corresponding results are displayed in Table 4 for = 10 when the attained is close to 370.
From the results in Table 4 , it can be observed that the GWMA-̅ chart outperforms both the GWMA-SR and GWMA-SN charts (for shifts 0.1) when the underlying distribution is the standard normal or the scaled Student's distribution. This result is not unexpected since the GWMA-̅ chart is specifically designed for the normal distribution and, the scaled Student's distribution does not deviate much from the normal distribution. However, it is important to note the following points: d) The GWMA-̅ chart performs marginally better than the GWMA-SR and GWMA-SN charts for a shift of under the logistic. √ /, uniform( √ √ ) and Laplace. √ / distribution.
As a general recommendation for the implementation of the GWMA-SR chart is that value of such as 0.8 or 0.9 and values of in the region 0.4 to 0.9 should be useful in detecting a shift of 0.5 while 0.8 and should be useful in detecting larger shifts. In the next section, an example is provided to illustrate the proposed GWMA-SR chart.
Example
To demonstrate the application and performance of the proposed GWMA-SR chart against the GWMA-SN chart, we draw 15 random samples each of size 10 from a normal distribution with mean 0.25 and variance 1.00. If we assume the true mean/median of the process is 0.00, the simulated data can be viewed as observations from an out-of-control (OOC) process following a shift of 0.25 standard deviation in the location.
Setting the parameters of the GWMA-SR chart equal to , 0.9 and 2.687, the control limits and centerline are calculated using equation (8) respectively. For this choice of the parameters, the attained is 370.88 and obtained from Table 1 or Table 4 .
The parameters for the GWMA-SN chart were taken to be , 0.9 and 2.695. The control limits and centerline are calculated to be 5.881, and , respectively. The attained of the GWMA-SN chart is 370.24, which is shown in Table 5 . As the attained values are approximately equal, the two charts are at an equal footing in terms of their in-control performance.
The two control charts are shown in Figure 2 ; from panels (a) and (b), we observe the following:
Although the general trend in the charting statistics is similar, the GWMA-SR chart detects the shift and signals on the 9th observation (i.e. the run-length is 9) whereas the GWMA-SN chart does not detect the shift and does not signal;
ii. Both the GWMA-SR and the GWMA-SN charts use steady-state control limits;
The centerline of the GWMA-SR chart is equal to zero (which makes it easy to visually distinguish between an upward/positive shift and a downward/negative shift), whereas the centerline of the GWMA-SN chart is equal to 5;
iv. Neither of the two charts' vertical axes is in the original scale of measurement. This happens since the two charts do not use the original numerical measurements, i.e. the GWMA-SR chart's key building block is the Wilcoxon signed-rank statistic (which is based on counting and ranking the observations within the samples) and the GWMA-SN chart's basic building block is the wellknown sign test (which is based on counting only). Although this can be seen as a shortcoming, the fact these charts are distribution-free far outweighs this inconvenience. 
Concluding remarks
A new distribution-free GWMA chart to detect small sustained upward or downward steps shifts in the location has been proposed based on the Wilcoxon signed-rank statistic; the proposed chart extends the existing EWMA-SR and GWMA-SN charts for a known in-control value of the process median. An advantage of the GWMA class of charts (over the EWMA charts) lies in the additional parameter which provides more flexibility in its design and better detection ability for small shifts. For a specified of 370 and different combinations of the parameters ( ), the charting constant has been obtained which will assist in the design and implementation of the chart. The performance of the GWMA-SR chart has been evaluated by means of simulation. It has been found that the GWMA-SR chart (with suitable parameters) performs better than the GWMA-SN and the EWMA-SR charts. Because both the GWMA-SN and the EWMA-SR charts are well-known to be better than many parametric and nonparametric control charts, the GWMA-SR chart should be a useful addition to the quality practitioner's collection of control charts to choose from. It will be of interest to consider the problem when the population median (for which the control chart is built) is not specified; this will be pursued in future work. 
A1. Convergence of

A3. 1+∑
Because , -, we have ∑ , -. By expanding and re-arranging some of the terms, we obtain
as required.
